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Φ (X,Y,Z,R,S,z(0))

z(t)

dA

state

input
x(t)

output
y(t)

D �����
X = Z = R[0, 2] ; Y = R[0, 1] EGFIH
y = r(x, z) =

z

x
EKJ%H

z′ = s(x, z) = x z(2 − z) EML�H
E .03'39#%�(.0�ON F8PQH.��5� D .R� ���S!8����.0��#%�T�
�(��6�&U�
V)#%��&�3'.

x(t) = a E W>H#)�Q��3'�R#X����#)��.���3'�T�R��38.�6Y����.�3Z���53Z� �%�(�(� D �����7+-�-#)��.0�1#2��3[��&5��6�&5�
!1�-#%��#%!8��3'�0�(.0���(!
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; ����&���3 F-, ; �(��#%� .G�1#)��3"�%&5��6�&U� !1��#%��#%! ��38���(.G����!
yfs(a)

�%������3";-3'����3'�>=-#%&5�C#%&5�����<#2�����
B ��3 #%��������������� E 
 F H #%���(� D .<��� !'#%�(!8&�� #2��3j3/.A!8�(38�>���10 .0���43*6-#%��#)�A3 ��3'�0. �%�"������. +-�-#%� .G�1#)��3
��&5��6�&5�
!1�-#%��#%!8��3'�0�(.0���(! ,
•

�<#325��� &�� !'� ����45�(�-#)��3'.
mn ; n = 3, 4, 5, ...

���O����3Z=���� &5��!$#2���(�%� #%��3'#
1.5 ≤ a ≤ m∞

•
!'� ����45�(�-#)��3

m∞

�%�����53"38�T����#)��!'3Z� ����� =���� &5��!$#2���(�%� �(�T��� ����354�38��3'���4�(�5�(.0���(! !1��#%��.

m∞ = lim
n→∞

mn E76%H
•

;-3'�(�%3'�>=-#%&�� !'���5.0�1#)�>�98 ���(�4���:�%�:4��1; 3'�03'��!83=<>&��)���(38�T� �)�
mn

δn =
mn−1 − mn−2

mn − mn−1

E?>�H

δ = lim
n→∞

mn−1 − mn−2

mn − mn−1

E7@%H
B ��3Z!$#)�(!'&5� #)���(��� �%�

m∞

#%�A4 �%�
δ

!$#%� = 3"#%!8!'38�(3'��#)��3B4 =C0 ���(��3'#%�,��&����(�5� ,
(m∞,n)tuned = mn +

(mn − mn−1)
2

2mn−1 − mn−2 − mn

E?D�H

m∞ = lim
n→∞

(m∞,n)tuned EFETH

(δn)tuned = δn +
(δn − δn−1)

2

2δn−1 − δn−2 − δn

EGFHG�H

δ = lim
n→∞

(δn)tuned . E F�F H
B ��3j� �����(� D �(�5� ��#%=��(38. F-I J #%�A4 L .��5� D ���53jV%#)�(&�3 6-#)����3'�0� �)�

mn I (m∞,n)tuned I δn I #%�A4
(δn)tuned I �03'.�6Y3'! ����V�3'�J0 I !'#%�(!8&�� #)��3K4O=C0 �43$#%��.R�%� E 
 F H \B ��3[��&5���(��� �%�

mn

#%!8!'����4��(��� 3B< & \ EFDTH 4���&5=��(38.R����3[�>&�� =Y3'�R�%��V)#%�(�14L4��(������.,� �%�
m∞ MB ��3[��&5���(��� �T#)�(� � ���

δ
#%!8!'����4��(�5�43B<>& \ EGFHGTH �(.R#%=Y��&5� L-GCN \
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 �>RS�:� 
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n mnL F \ @2WCETJ D-G D%WCE->->%L-DC6 GC@ 6 E-E-E-E)W @�J >-E G EC@
W F \ @ @-@%LTJ G)WTL5FIL-D)W�W�F J)W�LTJ >-D�L G%WCG-ETJ 6 EC@
6 F \ @ D�L�L�L�L >-D-E-ETJ D5FIL%W>J 6 >-E-D->%L5F36-6-@ D-@%L
> F \ @ D%WC>TJUFH@ >C6 D5F DC6-6-6UF >-D-E-G%W5F J)W @-6 62WC>
@ F \ @ D%WCD-EC@ >%WC>-DC@2WCEC@�J%LUFHGTJ-6-@ >C@ >TJ >)W-D-G
D F \ @ D%WCEC6 >-@%LTJ-@UF%F�F3@)W>J 6-@)W>J G)WCD->C@-6 E D�L
E F \ @ D%WCE->-E%L-DC@UF�F >->C6�J-@2WTL-D-E->-@�J%L-G�L%L-@ D
FHG F \ @ D%WCEC@�J G-EC@%L-G)WCG�LTJ)W->->->TJUF D5FH>->C@ F E%W
F�F F \ @ D%WCEC@�J >C@-@-@)W�LTJ%L%W>J E-G%W�WC>)WCG5F�FHEUF%F36
F J F \ @ D%WCEC@�J D-GTJ GC6 6-6%L-ETJ FHE-G->C@ GC6 D->�L G >-E
FIL F \ @ D%WCEC@�J DTJ D->C@ E%W>J DTJ2WCE-D->%W-D-G�L-D-G-@%J D
F$W F \ @ D%WCEC@�J D�L%WTL-DUF$W�WCE-E D%W�F3@%L-6)WCD-D�L)W-E-G
F36 F \ @ D%WCEC@�J D�LC6 >-G�J >%WCD%WTJ-@�J >%W%W 6-@ G%WC@ GC6
FH> F \ @ D%WCEC@�J D�LC6 D->)W�FHE5F3@)LC@UFHGTJ 6%L%W 6 G E >-G
F3@ F \ @ D%WCEC@�J D�LC6 ETJ GTJ G->�L G%WCD%W 6 E5F3@�J%L-6 G%W
FHD F \ @ D%WCEC@�J D�LC6 E�L�J�J GTJ E G-E-ETJ-6 EC6-@ DC@ FH6 E
FHE F \ @ D%WCEC@�J D�LC6 E�L)W @-@�J�J F36%L->TJ D5F$WCGC6 @2W 6
J G F \ @ D%WCEC@�J D�LC6 E�L-6%LTJ�J)W-D5FHE-GC@ @ G-D%W�WC@ @-6
JUF F \ @ D%WCEC@�J D�LC6 E�L-6)W�WCG�L%LTJUF36 G D%WC>C@�J G)W�W
J�J F \ @ D%WCEC@�J D�LC6 E�L-6)WC>C6-6 @�J G->%W-G-G->TJ D DUF J
J%L F \ @ D%WCEC@�J D�LC6 E�L-6)W @ G-E-@-@ >-D-G)WCD%W @-@ E E->
J)W F \ @ D%WCEC@�J D�LC6 E�L-6)W @�JUF$LC6%L-EC@ E-E-D->5F >)WCGB #%=��(3 F ,�� #%�(&�3�6-#)����3'�0� �%�

mn

n (m∞,n)tuned

L F \ @ D)WC>->C@)W%WTLC@-6UF$L-DC6-6 > E-GC6-@ G E-GTJUFH> @-6
W F \ @ D)WCE�L-DTJ D->-E5FHE)WCE�LC6 G D-DC@UFHG%L-E-G%WCG)L-G
6 F \ @ D)WCEC@-6%L�J ETJ-6%LUFHEC@UFHG)W�FHG-G-G)WCD->%W @ @%L
> F \ @ D)WCEC@�J D ETJ DC@ E ETJ%L-D-G E%W>J GTJ F36 D%W>J2L5F
@ F \ @ D)WCEC@�J D)WCGTJ >5F$L-E->C6�J)LC6%LTJUF$L-GC6 >-G 6�J
D F \ @ D)WCEC@�J D%L->-G-ETJ%JUFHD%W�WTJ >-ETJ E E�L-G�LTJ E->
E F \ @ D)WCEC@�J D%LC6 E%WTL-@ D�L-DTJ2W>J%L-D5F EC6-6UF J 6 >
FHG F \ @ D)WCEC@�J D%LC6 E�LC6 DTJ)WTLC6)L-EC6 >5F'WC>->�L-> 6)W
F�F F \ @ D)WCEC@�J D%LC6 E�LC62WCD-E�LC@ GTJ�J-6 E)WTLC@UF36 D5F
F J F \ @ D)WCEC@�J D%LC6 E�LC62W @%LTJ G >%W>JUF36 >%W�F J D)LC6
FIL F \ @ D)WCEC@�J D%LC6 E�LC62W @�J)WCD >5F�FHE�L�J-6UFHE-D >-D
F$W F \ @ D)WCEC@�J D%LC6 E�LC62W @�J)W 6%J-6�JUFHG-@ ETJ�J > G->
F36 F \ @ D)WCEC@�J D%LC6 E�LC62W @�J)W 6 G-E-E%W @ @-@-6 >-G FHG
FH> F \ @ D)WCEC@�J D%LC6 E�LC62W @�J)W 6 G-ETJ)WTL-@ >%W�FIL D�L
F3@ F \ @ D)WCEC@�J D%LC6 E�LC62W @�J)W 6 G-ETJUF�FH6-@-6 E->2W�W
FHD F \ @ D)WCEC@�J D%LC6 E�LC62W @�J)W 6 G-ETJUFHG G-E->C@ E F3@
FHE F \ @ D)WCEC@�J D%LC6 E�LC62W @�J)W 6 G-ETJUFHG GTJ E-G5F @UF
J G F \ @ D)WCEC@�J D%LC6 E�LC62W @�J)W 6 G-ETJUFHG GTJ-6 E-G >%W
JUF \ @ D%W-EC@�J D�L-6 E�LC6)WC@�J)W 6 G ETJUFHG-G�J-6-@ >�L D
J�J F \ @ D)WCEC@�J D%LC6 E�LC62W @�J)W 6 G-ETJUFHG GTJ-6-@-6 @�J
J%L F \ @ D)WCEC@�J D%LC6 E�LC62W @�J)W 6 G-ETJUFHG GTJ-6-@-6 >-E
J)W F \ @ D)WCEC@�J D%LC6 E�LC62W @�J)W 6 G-ETJUFHG GTJ-6-@-6 >-EB #)=��(3 J ,�� #)�(&�3 6�#)����3'��� �%�

(m∞,n)tuned

n δnJ G W \ > >-ETJ G5F >-G-E5FHG�J-6)WC>C6 D�L-EC@ D-6 >5FHE%W-E E->
JUF W \ > >-ETJ G5F >-G-E5FHG�J D-EC6-62WCD-G-DC6%J-@ G-E5F D%L�L
J�J W \ > >-ETJ G5F >-G-E5FHG�J EC@ G�L G-G-EC6)W->C@UF3@%L%L D-G
J%L W \ > >-ETJ G5F >-G-E5FHG�J E-D->�L G-D-DTJ G%L-E-D%W 6 DUF3@
J)W W \ > >-ETJ G5F >-G-E5FHG�J E-D-EC@)LC@)W 6UF%F3@�J%LTJ 6 FHE
n (δn)tuned

J G W \ > >-ETJ G5F >-G-E5FHG�J E-E5F�F >�L-D-E�L D->->C@-@ 62W�W
JUF W \ > >-ETJ G5F >-G-E5FHG�J E-E-G->UF�FHG->C6 @ >TJ >C6 E-@%L
J�J W \ > >-ETJ G5F >-G-E5FHG�J E-E-G->-@ E�LC@%L >C6)W 6�J 6 E5F
J%L W \ > >-ETJ G5F >-G-E5FHG�J E-E-G->-@ G-ETJ%L-6)WCG-DTJ G)W 6
J)W W \ > >-ETJ G5F >-G-E5FHG�J E-E-G->-@UFHE->-DUF3@ D5FIL%L D->B #%=��(3 L ,�� #%�(&�3�6-#)����3'�0� �%�

δn

#)�A4
(δn)tuned

� 6 38� 65����=���3'�4.

F \ B ��3Z.��(�46���3 ��386 3 �������(��� �)������3Z�(�(�53$#%�,��&�������� = 0 �A3'#%��.R�%��3K<>& \ E?DTH ���

(m∞,n)tuned2 = (m∞,n)tuned +

((m∞,n)tuned − (m∞,n−1)tuned)2

2(m∞,n−1)tuned − (m∞,n−2)tuned − (m∞,n)tuned
EGF J%H

W



4��U38.���� �
6����IV � 4539#)� 0 .��(�%����+-!'#%�T�R3/2 ��38��.������ �%������3Z�>&�� =Y3'�R�%��V%#)�(� 4L45�(������.,� ���
m∞

\� � 0��
; �(�A4O# =Y38����3'�R#%656����T#)!1� \

J \
; �0��� ����3���������� #%�����$#2���(�%�7#%� 4A���53 ���U��64=Y� 4 0 �)� ���53 #%��������������� E 
 F H � ���(��� D . , #%�(�
mn

!'#%�<=Y3
��3'65��3'.03'�T��3B4j=C0 6Y� D 3'�
.�38����3'.R�(�

Φ =
1

2
(1 +

√
5) EGF$LTH

mn =

∞∑

i=0

an,i Φ
−i EGF$WTH

; �(�A4O#)� #%�������0�����5� � �%�S!$#%��!'&��(#)������� �%������3
an,i

\
L \
; �%� �>&��A38����!$#%��#)�(�����0�������A.

• D �5�(!1� ��&5��65&5�
.�3K<>&�38��!'3
< x(i) > ; i = 0, 1, 2, ... EGF36�H!8���TV�3'�0��3'. �(����3$#%�0�10 ,
lim
i→∞

x(i) = p E FH>TH

lim
i→∞

x(i − 2) − x(i − 1)

x(i − 1) − x(i)
= q , EGFH@�H

• D �53'��3'#%.X����3 V)#%��&�3'.7�%�R����3
x(i)

#%�03 !$#%��!'&��(#)��3B4 D ����� #j.�& .4!8�(3'�T� �(#%����3A�>&�� =Y3'�X�%�
4���������. I

����3j�>&��7= 38� �%�[V)#%�(�14 45�(������. � ��� # ����V�38�
i

!$#)� = 3j3 2 ��3'� 4�3K4 .���������+-!$#%�T���10 =C0 �03'6Y3$#)��3K4
#%6�6����(!$#2���(�%� �%������3Z�(����3$#)�,��&��5�(��� � ���0� &��(#
E .�386-#%��#)�������O�%� #)�(�����0�������A��!R�����(.03"#%�A4O.������-#%�

p H
x(k + 1, i) = x(k, i) −

1

qk+1 − 1
(x(k, i − 1) − x(k, i)) EGFHD�H

k = 0, 1, 2, ... � !8�����03'!8���(��� 4�3865���
x(0, i) = x(i) � �(������� #)�(���'#)������� �%��!'���0��3'! �������

x,���A6�#%��3 ����3 ��&5���(���S6Y3'�G� �����A#%��!83 �%�U3K<>& \ E FHDTH �03'�T#%��4��(�5�,����3g#)�(�����0�������A. E 
 F H (mn=̂x(i) ;
q = δ) I�E 
 J%H (q = 4) I #%� 4 E 
 LTH (q = 4)

\
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���������� �!
��"���$#&%
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�!
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�%�� ( 	��!
��"� E 
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576 
 ��38�"����	 E 
 L�H
w��(.0!'&�.0.
����3Z��3'.0&�����.'\
9 �7:�; :�<���=?>-��< �A@B;DCFE�G H)IKJ�LFM
E 
 L�H !'���TV�38����38.����(��3'#%���J0 D �����

p = π−1 ; q = 4 . EGF ETH
B #%=5�(3 W .���� D .R����3 @ G 4��������,V%#)�(&�3[6-#2����38��� �%�

•
����3Z��&5��6�&5�

x(i) ; i = 1(1)13
�%� E 
 LTH #%�A4

•
����3[� ���(��� D �(��� !8�����03'! ���(�5�4.G��386�.

x(k, i) ; k = 1(1)6 ; i = 3(1)13 .

i x(i)N OQPSRUTUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOUOVOUOUOUOUOFOUOUOUOUOFOUOUOUOUOFOUOUOUOUOFOUOUOUOUOUOVOUOUOUOUOFOUOUOUOUO
R OQPSWUOQNYXUX[ZUZU\UTURU\UZUZUWUZU]U]QNUN^OUOURQNUN^OU\UOUTURUZURQN^RURVTU\U]URQNYRUOU]U\U][_U_VRURQNFN^]UTUOU\`Na_BX[OU]b_8\UZFX[Rb_B]U]b_cN^Z
W OQPSWQNa_VRUOU]FX8N^]URUTFX[]UZUTUTUOUZUTUWURQN^]UTU\b_cN^\b_cN^TUOb_VTVRb_cN^OU]FTFXd_VZb_BOFX[Tb_BXQNYX[\b_VTFTQNYX8N^Tb_QXUX[\b_V]VX[\UWUOU\
_ OQPSWQNYX[RU]UZUTFXd_VZQN^RFXUX[ZU]U]U\b_U_VOU]b_V]UWUZb_U_V]QN^]UTU]UTVOUZUWUZFXFX[WURUTURF\U]UWU\UOFZU]UOURU\VX[ZUZUTUTU]U_VOU]URFXUWUWU]QN^T
T OQPSWQN^]UOUTb_cN^]QN^Zb_VOb_VRb_V]QN^TURU]UZURb_U_VWUTUWU]FX[ZFX[RURFXF]QN^ZUWb_BZUOURFXUXUTU\UTFX[OVXd_cN^\UZVXd_VZU\UWU\VTU\UTb_U_BOQN^OU]UZ
Z OQPSWQN^]URb_VTU\UZFXUX[TUOUZUTUOFX[\UTUWQN^]UWQNUN^WU]UWURUOb_VTb_VRUWV]QN^OQN^]F\QN^]U]FXU\UOFX[RUOFTUOURU]U\FZQN^TU]UOU\BX[]UZURUW`Na_cN^ZU\
X OQPSWQN^]URU\UWU\UOFX[OUTUZU]URUOU\FX[ZUOU]UOU\UWURUOUWFXUX[OU\UWUZUWFXFTQN^WQNYXUTUWUWURUOFZUOUWb_VOF]U\U]UWb_BOUWU\U\U\FXFWUOU\UTURFRQN^ZUZUZ
] OQPSWQN^]UWUOUTU]U\QNa_VWURQN^RU]U]UWb_VRU]FX[]U\UWUTUTUOQNa_VRQNYX[]U]cNUN^Tb_VRVX8NUN^Wb_eN^TUZUZUT[_V\UOUWFXb_VWUOURb_cNdZUOFXUX[WFRb_VRFX[]
\ OQPSWQN^]UWUOU]U]U]FXd_V\FXUX[TUTURURUWUZUOU\QN^ZU\U\U]U\UTQN^RU\UZURQNdWUWUTUTURVX[ZURU]FXUOFX[TU]UOFOUWUOUZU]F\U]U\FX[]U]U_VZU]FXd_eN^]FX[]QN
N^O OQPSWQN^]UWUOU\UZUWUZUTQN^RUWU\U\UWUOU\U]FX[RQN^RUWUWUTUTUOU\U\URU\U\URcN^]FX[RFXUWQN^Ob_VOF]UTU]U]QNf_VOUWQN^RVXd_V\UZUTUOU_VTQN^OFXU\U\UOUWU]
NUN OQPSWQN^]UWUOU\U]URUWFX[ZUTU\UTUOQNYXd_V]U]b_V\UZUZb_cNa_V\UZb_U_VZUWQNd\UOUWU]U]FWU]FX[RQNYWU\UZFX[OVX[ZU]b_VO`N^\QN^RUTUTV]UOUWU\URFOQN^Rb_cN
N^R OQPSWQN^]UWUOU\U]FX[OUTFX[\UWUWQN^OUOUZUWUTU\UZU\UZb_VWFX[ZUWFX[OU\UWUOV]URUZURFXQNUN^TUWFXURUWQN^]UOFZUTU]UZUOFRb_VRb_cN^RV\FX[OUTU]FWQN^TQN^\
N^W OQPSWQN^]UWUOU\U]U] RURU]URUZFX[TFX[]UWU\URU\U]QN^]U]URURUOURURU\UWUOUTUWFX[Zb_V\VX[ZURU]URFWQN^RU]b_BWURUOUTU]F]URb_BX[\U]cN^OU]UOQNYOUWURFX8N
i x(1, i)W OQPSWQN^]UWUTURFX[RUTU\QNUN^ZUOU]UWU]QN^ZFX[ZQNYXUX[TUTU\UOFX[\U\UWUTURBX[]U]FX8NYOURU\U]UTF\UTUWURURFTQN^OU\UOF\FX[WU]b_U_QX8N^ZU\UOFOU\UZUOFX
_ OQPSWQN^]UWQN^RUTURUZFX[WQN^OU]UOUZU]UWFXd_VWFX[WUTU]UWU]UZUZQN^\FX[ZUTVOUOb_VTb_eNUN^]b_V\FRU]UZFX8NY]b_BX[Rb_BTQN^ZUWUTU\VZQNYX[]UZF]UTUWQNYX
T OQPSWQN^]UWQN^OUOUTUOUZb_V\UZb_VOFX[\UOUTUZU]UOb_VWUOQNYX[OUOU]UWb_U_VRVOUZFX[RUWFTUTU\UTUR[_VZUZUWUOVX[ZURUTUR[_VOFX[OUZUZVZUTFX[]URF\UOQNYX[Z
Z OQPSWQN^]UWUOU\U]U\UZb_VTb_VOUTU\b_VTUTUWURU\UOUOUOUWU\URU\U]UOb_V]URURU_BXd_V]UOFWUTFX[TU]FOQNUN^OUWVX[TUZUTUWF\UOUTb_VWUWcN^]UWQN^Z`N^]UTUWUO
X OQPSWQN^]UWUOU\U]U]UZU]URUTUTb_U_VWUZU\UZUZU]b_BX[RURUTUTU]FXUX[ZUWFX[TU_cNa_cNYXUOFX8N^WQNYTUOURQNa_BWUZUWb_V]F]b_V]UOUTU\V]QNYX[RU]FTFXd_V\U]
] OQPSWQN^]UWUOU\U]U]UZURURUWU]U\U]QN^RUOUWUTUZU]U]UOFX[RUOU\UTUWQNUNYX8NdZb_V\UTQNFN^Ob_VOUTFWb_cN^OFXUOURQN^OUTFRURUZU\U]U\BX[OFX8N^WFTU]b_V]UR
\ OQPSWQN^]UWUOU\U]U]UZQN^]UZURU\FX[WUTUWUWU]URU\URU]U]UOURUZUWUZUTUTUZUTBXd_VRURURVX[]UOUOb_8X8N^TUTQNYTb_U_cN^RF]b_VRU\FX[OBX[TUTFXd_BTUOURU]UW
N^O OQPSWQN^]UWUOU\U]U]UZQN^]UWU\b_BX[WUWU]UZURUZb_U_cNUNa_VWUZURU]UOFX[]URU_BX8NUN^]F]URUZURUT[_VTUWQN^T`N^\UWU\b_BOUOURU\UWFXVXUX[]UTURFTU\QN^Rb_
NUN OQPSWQN^]UWUOU\U]U]UZQN^]UWU]UOUOb_VZUWURURURUTU]UOFX[ZU]URUTURU]UTQNUNd]UOU\b_VRFOFX[\b_V]FRb_VRUZFXURURUWb_V\FWUWU]b_VTFXFTU]U]URUOFOQN^\FX[Z
N^R OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\QN^RU]UWUTQNYX[\UWU\FXUX[]UTURFX[\UZU\FX`N^WUWFX[WFWUTU]UOU\`NYX[ZU]UWF\UTUTUWUWFTU\URFX[\U]VZU\URU]UO[_cN^ZQNUN
N^W OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UO X[OU\FX[]UZUTURUZURU]UWb_V]b_V]FX[ZUWUTUTU\U\UOUZb_VTUWUOUZFX[WQN^]F]FXd_VTU]FWUTURURUTU\V]URUOb_V]FZUOUTURUR

>



i x(2, i)W OQPSWUWU\UTFX[ZURb_VOU\FX[RUWU]URURFX[WFX[]FX[\URURFX[RU\UZU]UTURUZb_VRV\FXd_VZUR[_VWQN^]UTFOQN^ZFXUXUWb_U_V\FXUOUWU]FX[ZFXFZU\U]UOURVX[ZU\QNa_
_ OQPSWQN^]UWUOU\U]b_VZFX[]UTFX8N^RQNYX[OUTb_V]URUWU\FX[RUWU\UZFXd_U_VTU\cN^TURURUZFWURb_U_VO`NYX[TUZQNY]UOUWUOUOFOU]UTU]UZUOVZQNUN^RUZFZUWUZU\U]
T OQPSWQN^]UWUOU\U]U]UTUTFXUX[Tb_U_BX[\FX[ZU]U\UZUZUWb_V\UTUTUZb_BX[ZU]FXFRUOb_BXd_B]UTUTUTU\FWb_U_V\b_BZU\UOURUOF\UWUWQNUN^WBX[\UWU]URFZUWU]UWUW
Z OQPSWQN^]UWUOU\U]U]UZQNYXd_VWUTb_VOUWURU\FX[\FX[WUOU]U]b_BX8NUN^\UTU]QNVN^ZU]UZb_eNa_U_cNUNdX8Na_VOQNY\UTUZQNa_BOUOUTUWURb_8RU]b_V]UTFOFX[OU]FX
X OQPSWQN^]UWUOU\U]U]UZQN^]UWUZb_VWUWUZUWU\UTFXUXUX[OUWU]UOUOFX[OFX[]QN^RVRFX[ZFX[\FTQN^]U]U\VX[Wb_V]U][_VOUWU\UT`NYXUX[TUZU]VRUTU\UTUZFOUZFX[ZUR
] OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[]U]UWFX[Ob_VOURFXUXd_VZQN^]UZURb_V]QN^TU]VOUZUTURUOFOUWU\UTUZF\UWUOUWUW`N^\U]URURFWQN^]U\QN^]VWUZUZb_VTF\QN^]U]QN
\ OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZUWUTUTU]b_VZUZUTUWb_cNa_cN^Tb_VTURUTVWb_V]b_VOF]U\QNYX[]FOUOFX8Na_BTQN^RUWUWFWUTUOFX[OURV]URUTUZUTFRUWUOUZU\
N^O OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX[OU\FX[ZUOUOU]UZUWUWUOURFX[TQN^WUOVRUTUWQNUNY]U\UZUOUO`N^ZU]U\U\[_VWFX[RUZFOU]UOURUZU]V\QN^WUWFXFX[\FX8N^W
NUN OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TURU]U\U\UOUOFX[ZUTUZQNUN^ZU\UWBX[ZUTUWUOFRU\UZUWUZ[_VRU]UZb_BOURUTb_VZFWUZUOU]URUTVTFX[TUTQNFN^]QN^ZUZ
N^R OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFX[ZUWUOUWFX[\URQN^RU\FXUX[ZcN^TUTUWUT[_U_VWUWUWFRUWU\QNUNdX[WFXd_VTF]FX[Zb_VRQN^_VWUWQNUNFN^OU\URUO
N^W OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[Z TUWU]UWU]QN^TUWUWUZFX[\U]U]UWQNYX[\FXUX[]FXUX[RU\b_VTUWUTU]UZFZUZU\UTUTFXFRURU]U\U\F]QNYX[]UW
i x(3, i)W OQPSWb_U_V\UZUZUWb_VOUOUWUTb_VWUTU\UZUOUZFX[Wb_U_VTUWQN^RUZU\UZQNa_cN^TVOU]UTUWUWFRUZb_cN^O`NYX[TFX[ZF\U]UTUWUZFZFXd_VWUOUWVZU\UWURUW[_U_V]UOUR
_ OQPSWQNYX[\FX[RURU]b_V\FX[WURURUTUWb_VWUTQN^RUZU]U\URUOUOUOUZFX8N^ZUWUOV]UWFX[ZURFRUTU\URUO[_cN^ZURUW[_VZQN^OUZ[_V]UWb_VWUWVTQNa_VZUT`NUNUN^OFX
T OQPSWQN^]UWUOU\U]U]UZQN^\UWURU]U]QNYX[RFX[RUWUZUTb_VWb_V\UOU]URQN^]UZUTU_VRFX[]UOFWU]FX[]UW[_VTU]FXd_BTFXUX[WUOVX[]FX[]UWURVOU\U]UWQNFNa_VZURU\
Z OQPSWQN^]UWUOU\U]U]UZQN^]UWU]URFX8N^\UTb_U_U_VZUTURUTU]U\UWUOQN^TU\UZUOU_VWFX[\UOF\UTU]URURFOUZU\UOU][_VRUOUZFXU]UZUWUZQN^WVWb_VOURUZFWFX[\UWUR
X OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOU]QN^WUZUTUTU]UWb_U_V\U\UOb_U_BX[WUOU]VOUOU]UZFXUOUZb_VTURF]FX[]UOFXURUWUZb_VTFZFX[RUWUZUTBX[]URU\UZF]FXUX8N^O
] OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX[RUOU\URUWFXUX[]UZUOUTUOUZUZURUTU]BX[\URUOUOFOb_BX[]UWFWU\UWFX[T`NYX[\UOU][_VZb_VOQN^\cN^ZQN^]UOFZFX[]UWUT
\ OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWU\U\UWUWb_U_V]QN^RUZb_cN^TUOVRURUTU\URFOQN^Zb_cNY]UWUWFX[Z`N^RUOb_V\FWU\U]U]URUZVWU]U]b_V\FZUZb_VRUR
N^O OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUXUX[TU\U]UZU]UZURUZURUTUOV\UZUTU]U\FRQN^WUTURF\UOQNYX[RFRQN^WU]b_BZU\UTUOURUWV\UWUOUZb_BWb_VTU]QN
NUN OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TUTU\FX[\QN^]UZURUWVWb_U_V]UZ`Na_VWU\U]F\UOU]U\UTFRUOU\b_VOFWUWUWUTUWURV]URb_cNUNdX8NUN^TFX
N^R OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZU]FXd_cNUNYXd_8RU]U]UTURF\U]UTUWb_8XUX[TFX[\`N^ZQNa_VTF]UZU]FX[WURU_BX[]b_VZF\U]QN^OFX
N^W OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VT TUWURU\FX[ZUWb_U_U_VWU]UWUWb_VZUWU\UTU]UTUOQN^RFX8N^WU]U\URFX8NYX[]UR`NYX[]URU]
i x(4, i)W OQPSWb_VZUWQN^\QNa_V\URQN^RUOb_VTUTQN^Wb_VZUOb_VOUOUOUOUOQN^\UZU\QN^OUZV\UOU\QN^\FZUZU\UOUTF\UOQN^\b_B\UWb_VWURF]U\UZUTUTUTV]UZb_VTU]FOb_V\FXUX
_ OQPSWQNYX[]UZUZb_VRUTU\UWUWFX[ZUTUZU\b_VOUWUWUZURFXd_cNUN^WU\UOQN^]UZUZV\FXUX[]URVX[ZUTUOUZVX[WUOU\UOFWUOU\U\U]F\QNa_VOUTFXFTUTUWQN^ZFZb_BX[OQN
T OQPSWQN^]UWQNUN^RQN^OQNUN^\UZb_cN^WUZUOURU]U\QN^]FX[Tb_VTFXd_U_V\U\UOUTVTUZUWb_VT`N^Zb_V]UOF\UZUOU]FXUWURUZFX[]FWUWb_cN^RUWV]UTFXd_VZFWUOFX[RQN
Z OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUOU\UWUTFX[RU\FX[OURURU\b_VTU\UWQN^\URcN^]UWUOb_8X[RUTQN^ZFWUWU]QNa_F_VWUTFX[TFOUZFX[]UWURVOU\UOURUWFRURUWUWU]
X OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX[OU\U]URQN^TURU]UTU\b_BX[TUOU\UZUOVWUTURUOU]FTUWU\b_VTFTb_BX[\QNFN^TUWUWU]`N^Wb_VWUZUOV]U\UOUTU]VX[RURQN^]
] OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFX[RURFX[OUTUOQN^TU\b_cNYX[ZVRb_VZUOUTFRFX[TURQNY\b_U_BX[\FWUZFX[OU\[_V\b_VTFXd_8ZUZUTURUTFWURUOFX8N
\ OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZUZU\U\U\b_VTUOb_cNa_cNd\UTFX[OUWFWUTFXd_BXQN^ZUOU\FXUZU\URU]QNYWURb_VOUZUOV\URUZUZb_BOUTURb_VO
N^O OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZURUWUOURQN^]UOBXUX[RFX8NYTUTUTb_BXU]b_BX[OU]FZUZU\QNUNYTUOUOQN^OFXFOUTU]URUTF\FX[RUOQN
NUN OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_U_VTURUZUOVOU\U\URU]F]FXUX[Ob_B\FX8NYX[RFTUTb_U_V]FWU\b_V]UZUOVWUOU\U\FXUWU]FX[TUR
N^R OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VTUOURU]URVWUWQNa_U_BZURUOUOQNY\FX[TURUZF\b_cN^ZUZFRU]URUTU\UZVOUOUZUTURFZUOU\UTFX
N^W OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VTUOURU]FXFR WUTU]U\UTUOURU]UTUZQN^TUZFX[ZU]UOURFX[]FXUX[\U\QN^WU]UTb_VRFX[OU]b_BX
i x(5, i)W OQPSWb_VZUZUTFX[ZU]URQN^Ob_BX[RUTU\UOU\U]UTUZFXd_U_U_BXUX[RURUTb_VTQNUNbX[OUTFX[][_VWFX[OUZFWU\UZb_BXFX8N^TUWUOFOU\UWU\QN^WVRUOQN^ZU\`N^TURb_VZ
_ OQPSWQNYX[]UWU]UZQN^RU\QN^OUOUWUWURUZUOQN^\URUTb_VTUTURURURUTQN^TUZU]QNd\U\URUTUTVXd_V\UTURFOU]U]UTUOVX8N^ZUOURFTU\UTb_VOb_8OU]b_VZUW`N^WUZUWUT
T OQPSWQN^]UWQNUN^Zb_U_V\UOUWFX[\QNYXUX[ZUWU]UTURUWb_VOUWUZUTU]U\U\QN^RQNdZUWURb_VTFOUWUOUWUOFWUOUOURU\FZUTUOUWUTVX[\URUOQN^RU_V]UTUWURFZUTUOU\UZ
Z OQPSWQN^]UWUOU\U]U]b_V]U]U\UZURUOQN^TUOU\U]UTFX[TU\U]UTUOU]UTQN^OURb_VWVRU\b_cNUNYRUWb_V\U\VX[Tb_V\UWFTb_VWUWU][_VOFXUXd_BXVX[WU]UTUTFWUZQNUN^R
X OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^Tb_VZUTU]UOURQN^RU\FXd_VZURURUZV\U]FX[ZUWFZFX[TQNa_B]U]URb_VRVXd_VWUTURFTUZUTUTQN^OV\UZFX[ZQNYTU\QN^ZU]
] OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZU\UZb_U_VZFX[ZURQN^TUTV\URU\URUWFWUTUZUOU\FTUOFX[RUTFWU\UZUZURF\UWUZFX[Zb_8TQN^RUTb_BOURFX[OUZ
\ OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURFX[RUZUOUOU]URU]cNa_VOUTUR[_VRUZU\UTFTFX[RFX[RFRU\UTURU]FRQNYX[Wb_U_8]U]QN^\UWFOURb_BX[Z
N^O OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VTQN^Tb_VWU_VZU\UTUOFTUOFXUXUXUWUZU]FXUXUWU\U\URU\VX8NUNa_VRURV]b_cN^WFXU\UTU]URUT
NUN OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VTUOURU]FXFTb_BX[WQNYOU]UWUZURFOQN^ZU]QNYWQN^ZU]UWFTURUWFX[]U\VZU]FX[Tb_eN^TUWUWUR
N^R OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VTUOURU]FXFRb_VOFX[Z[_VOb_BX8Nf_BX[WU]UOFZUZUOUTQNYZUWFX[WURb_8\FX[TU\URFZb_U_VOUO
N^W OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VTUOURU]FXFRb_VOUZU]F\ RQNUNUN^]U\b_V]U\UTQN^]FX[WURU\b_V\U\UTUZU]QN^\U]UTQN^TUOUR
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i x(6, i)W OQPSWb_VZFXd_VRUWUWUTU\U\UTUWb_V\FXUXd_VTb_BXUX[\UZQN^]UTURFX[]b_V\FX[ZBX[]U]UOUOF]UOUOUTb_BOUZUTU\URFZU]b_VRQNdX[\U]b_VTUWV]UWU\U]UWFZUOQN^TU]
_ OQPSWQNYX[]UWQN^TFX[TURU]UZURU\U]URU\URUTQN^RUTURU\U]b_U_V]UTQN^OU]UZQNbX[ZUTUTUR`N^RU\U]QNYZU\UZFX[W[_BX[ZURUR`Na_V\QN^RU]VTUOURb_VRF\UWU\UTUR
T OQPSWQN^]UWQNUNYX[ZUOb_cN^]UWURUOQN^ZUZFXd_VWURFX[]UZb_V\QN^ZU\FX[RUZQNdZUZUZUTUTFOUWU\U]U\FTUWFX[\UTFTUOUZUOQNY\UTUWU\UZUTVRUTU\UOUTFOFX[WUWQN
Z OQPSWQN^]UWUOU\U]U]b_U_VTU\U]URb_VRUZUOb_BX[]U\b_VZFX[\URb_U_cN^]UOU]b_8]UWFX[]UZFWUZFX8N^TF\U]UZFX[\FRb_V]U]UTFRb_VTU\U\UWVWUWU\UWb_B]UOUTUOQN
X OQPSWQN^]UWUOU\U]U]UZQN^]b_cN^OUZFX[OU]UWUOUWFX[WFX[\URURb_VZb_BX[ZURFXVX8N^ZURUTFTb_VWU]FXUZUTFXUX[\[_VWb_U_cNdX[OURUOUTFX[_VRU\U\b_BRU\QN^ZUR
] OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFXd_V\UWQN^WUWURU]UTUTBX[]U\FX[]FOU\UTU\b_BWU]U\U\b_BZURUWQN^ZFRb_V]URQN^OU_V]b_cN^O`N^\QN^RFX
\ OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VWUOUOU\URBXUX[WUTb_BRU]U\U\FXUZUZU\b_U_BRURUWFX[OFZFX[TURU]U]V]UTFX[ZUOFOb_VRU]UW
N^O OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VTUOURU]UZVOQN^RU\UWFOU\UTU]URVX[ZQNUN^TFWU\U]QN^O`N^TQN^Wb_V]cN^WUTQNa_BRUTFX[WFX
NUN OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VTUOURU]FXFRb_VOUZQNf_VWURU\UZVX8N^WU\QNY]U\QN^ZUZFRb_BX[TUTUWVWU\QN^RU]F\UOUZU\FX
N^R OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VTUOURU]FXFRb_VOUZU]F\QN^]U]UW[_VZUZUWb_8X[\U\UTUTFOURUWU\URQNdZU]FX[]b_BOUTFX[TUZ
N^W OQPSWQN^]UWUOU\U]U]UZQN^]UWFX[\UOUZFX8N^TUWFXUX[ZFX[TURUZFXd_VTUOURU]FXFRb_VOUZU]F\QN^\URU\`Na_ TUWUOUWURUZFX[TUZU\UWb_U_VZU]U]UWUZURURFXUX8N^W
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